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Regular irreducible representations
of classical reductive groups
over finite quotient rings
Koichi Takase
∗
Abstract
A parametrization of irreducible representations associated with a reg-
ular adjoint orbit of a reductive group over finite quotient rings of a non-
dyadic non-archimedean local filed is presented. The parametrization is
given by means of (a subset of) the character group of the centralizer of
a representative of the regular adjoint orbit. Our method is based upon
Cliffod’s theory and Weil representations over finite fields.
1 Introduction
Let F be a non-dyadic non-archimedean local field. The integer ring of F is
denoted by O with the maximal ideal p generated by ̟. The residue class field
F = O/p is a finite field of odd characteristic with q elements. For an integer
r > 0 put Or = O/p
r so that F = O1.
Let G be a connected reductive group scheme over O. The problem on
which we will consider in this paper is to determine the set Irr(G(Or)) of the
equivalence classes of the irreducible complex representations of the finite group
G(Or).
This problem in the case r = 1, that is the representation theory of the finite
reductive group G(F), has been studied extensively, starting from Green [7]
concerned with GLn(F) to the decisive paper of Deligne-Lusztig [3].
On the other hand, the study of the representation theory of the finite group
G(Or) with r > 1 is less complete. The systematic studies are done mainly in
the case of G = GLn [8–11], [12], [17], [18]. The purpose of this paper is to
show that the method used in [18] works for greater range of reductive group
schemes over O.
In this paper, we will establish a parametrization of the irreducible represen-
tations of G(Or) (r > 1) associated with the regular (more precisely smoothly
regular, see subsection 2.4 for the definition) adjoint orbits. Taking a represen-
tative β of the adjoint orbit, the parametrization is given by means of a subset
of the character group of Gβ(Or) where Gβ is the centralizer of β in G which is
assumed to be smooth commutative group scheme over O. Our theory is based
on Clifford theory and Weil representations over finite fields.
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The main results of this paper are Theorem 2.3.1 and Theorem 2.5.1. The
latter is a paraphrase of the former with more emphasis posed on the regularity
of Lie elements but being restricted to the groups of type A,B and C.
The situation is quite simple when r is even, and almost all of this paper
is devoted to treat the case of r = 2l − 1 being odd. In this case Clifford the-
ory requires us to construct an irreducible representation of Gβ(Or) ·Kl−1(Or)
where Kl−1(Or) is the kernel of the canonical surjection G(Or) → G(Ol−1).
To construct an irreducible representation of Kl−1(Or), we will use Schro¨dinger
representation of the Heisenberg group associated with a symplectic space over
finite field which is associated with β (Proposition 4.4.1). Then we will use
Weil representation to extend the irreducible representation of Kl−1(Or) to an
irreducible representation of Gβ(Or) ·Kl−1(Or). At this point appears a Schur
multiplier as an obstruction to the extension (see subsection 4.5). The definition
and a fundamental property of the Schur multiplier will be discussed in section
3.
In the case of G = GLn, the extendability of the irreducible representation of
Kl−1(Or) to that of Gβ(Or)·Kl−1(Or) is proved by [17]. Based upon this result,
we will prove the triviality of the Schur multiplier for generalG ⊂ GLn under the
condition that the reduction modulo p of the characteristic polynomial of β ∈
g(O) ⊂ gln(O) is the minimal polynomial of β (mod p) ∈ Mn(F) (Proposition
4.6.1).
We will give in section 5 some examples of classical groups where the reduc-
tion modulo p of the characteristic polynomial of β is the minimal polynomial of
β (mod p) ∈ Mn(F). In these cases the parametrization is given by a subset of
the character group of the unit group of a tamely ramified extension of the base
field F . See Propositions 5.2.1 for a special linear group, Proposition 5.3.1 for
a symplectic group, Propositions 5.4.1 and 5.4.2 for a special orthogonal group
with respect to a quadratic form of even and odd variables respectively.
The character group of a finite abelian group G is denoted by G .̂ The
multiplicative group of the complex numbers of absolute value one is denoted
by C1.
Acknowledgment The author express his thanks to the referee for giving
a kind suggestion which is decisive to prove Proposition 4.6.1, the key stone of
this paper.
2 Main results
2.1 Fix a continuous unitary character τ of the additive group F such that
{x ∈ F | τ(xO) = 1} = O,
and define an additive character τ̂ of F by τ̂ (x) = τ(̟−1x).
Let G ⊂ GLn be a closed smooth O-group subscheme, and g the Lie algebra
of G which is a closed affine O-subscheme of gln the Lie algebra of GLn. We
may assume that the fibers G⊗OK (K = F or K = F) are non-commutative
algebraic K-group (that is smooth K-group scheme).
For any O-algebra K (in this paper, an O-algebra means an commutative
unital O-algebra) the set of the K-valued points gln(K) is identified with the
K-Lie algebra of square matrices Mn(K) of size n with Lie bracket [X,Y ] =
2
XY − Y X , and the group of K-valued points GLn(K) is identified with the
matrix group
GLn(K) = {g ∈Mn(K) | det g ∈ K
×}
where K× is the multiplicative group of K. Hence g(K) is identified with a
matrix Lie subalgebra of gln(K) and G(K) is identified with a matrix subgroup
of GLn(K). Let
B : gln×Ogln → O = Spec(O[t])
be the trace form on gln, that is B(X,Y ) = tr(XY ) for all X,Y ∈ gln(K)
with any O-algebra K. The smoothness of G implies that we have a canonical
isomorphism
g(O)/̟rg(O) →˜ g(Or) = g(O)⊗OOr
( [4, Chap.II, §4, Prop.4.8]) and that the canonical group homomorphismG(O) →
G(Or) is surjective due to Hensel’s lemma. Then for any 0 < l < r the canonical
group homomorphism G(Or)→ G(Ol) is surjective whose kernel is denoted by
Kl(Or).
For any g ∈ G(O) (resp. X ∈ g(O)), the image under the canonical surjec-
tion onto G(Ol) (resp. onto g(Ol)) with l > 0 is denoted by
gl = g (mod p
l) ∈ G(Ol) (resp.Xl = X (mod p
l) ∈ g(Ol)).
Since the rational points G(K) (resp. g(K)) of the fiber G⊗OK (resp. g⊗OK)
with K = F or K = F plays some special roles in our theory, let us denote by
g ∈ G(K) (resp. X ∈ g(K)) the image of g ∈ G(O) (resp. X ∈ g(O)) under the
canonical morphism G(O)→ G(K) (resp. g(O)→ g(K)).
We will pose the following three conditions;
I) B : g(F)× g(F)→ F is non-degenerate,
II) for any integers r = l + l′ with 0 < l′ ≤ l, we have a group isomorphism
g(Ol′ ) →˜Kl(Or)
defined by X (mod pl
′
) 7→ 1 +̟lX (mod pr),
III) if r = 2l− 1 ≥ 3 is odd, then we have a mapping
g(O)→ Kl−1(Or)
defined by X 7→ (1 +̟l−1X + 2−1̟2l−2X2)(mod pr).
The condition I) implies that B : g(Ol) × g(Ol) → Ol is non-degenerate for all
l > 0, and so B : g(O) × g(O) → O is also non-degenerate. The mappings
of the conditions II) and III) from Lie algebras to groups can be regarded as
truncations of the exponential mapping.
2.2 From now on we will fix an integer r ≥ 2 and put r = l + l′ with the
smallest integer l such that 0 < l′ ≤ l. In other word
l′ =
{
l : r = 2l,
l − 1 : r = 2l − 1.
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Take a β ∈ g(O) and define a character ψβ of the finite abelian group Kl(Or)
by
ψβ((1 +̟
lX) (mod pr)) = τ(̟−l
′
B(X, β)) (X ∈ g(O)).
Then β (mod pl
′
) 7→ ψβ gives an isomorphism of the additive group g(Ol′) onto
the character group Kl(Or) .̂ For any gr = g (mod p
r) ∈ G(Or), we have
ψβ(g
−1
r hgr) = ψAd(g)β(h) (h ∈ Kl(Or)).
So the stabilizer of ψβ in G(Or) is
G(Or , β) =
{
gr ∈ G(Or)
∣∣ Ad(g)β ≡ β (mod pl′)}
which is a subgroup of G(Or) containing Kl′(Or).
Now let us denote by Irr(G(Or) | ψβ) (resp. Irr(G(Or , β) | ψβ)) the set of
the isomorphism classes of the irreducible complex representation π of G(Or)
(resp. σ of G(Or , β)) such that
〈ψβ , π〉Kl(Or) = dimCHomKl(Or)(ψβ , π) > 0
(resp. 〈ψβ , σ〉Kl(Or) > 0). Then Clifford’s theory says that
1) Irr(G(Or)) =
⊔
β (mod pl′ )
Irr(G(Or) | ψβ) where
⊔
β (mod pl′ )
is the disjoint
union over the representatives β (mod pl
′
) of the Ad(G(Ol′ ))-orbits in
g(Ol′),
2) a bijection of Irr(G(Or , β) | ψβ) onto Irr(G(Or) | ψβ) is given by
σ 7→ Ind
G(Or)
G(Or ,β)
σ.
So our problem is to give a good parametrization of the set Irr(G(Or , β) | ψβ).
2.3 For any β ∈ g(O), let us denote by Gβ = ZG(β) the centralizer of β in G
which is a closed O-group subscheme of G. The Lie algebra gβ = Zg(β) of Gβ
is a closed O-subscheme of g such that
gβ(K) = {X ∈ g(K) | [X, β] = 0}
for any O-algebra K where β ∈ g(K) is the image of β ∈ g(O) under the
canonical morphism g(O)→ g(K).
Now our main result is
Theorem 2.3.1 Take a β ∈ g(O) such that
1) Gβ is commutative smooth O-group scheme, and
2) the characteristic polynomial χβ(t) = det(t · 1n − β) of β ∈ g(F) ⊂ gln(F)
is the minimal polynomial of β ∈Mn(F).
Then we have a bijection θ 7→ σβ,θ of the set
{θ ∈ Gβ(Or)̂ s.t. θ = ψβ on Gβ(Or) ∩Kl(Or)}
onto Irr(G(Or , β) | ψβ).
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The explicit description of the representation σβ,θ is given by (1) if r is even,
and by (5) if r is odd.
The proof of this theorem in the case of even r is quite simple, and it will
be given in subsection 2.6. The remaining part of this paper is devoted to the
proof in the case of odd r.
These proves show that the second condition in the theorem is required only
in the case of r being odd. The second condition is related with the smooth
regularity of β ∈ g(O) as presented in the next subsection.
2.4 We will present a sufficient condition on β ∈ g(O) under which Gβ is
commutative and smooth over O.
Let us assume that the connected O-group scheme G is reductive, that is,
the fibers G⊗OK (K = F,F) are reductive K-algebraic groups. In this case the
dimension of the maximal torus in G⊗OK is independent of K which is denoted
by rank(G). For any β ∈ g(O) we have
dimK gβ(K) = dim gβ⊗OK ≥ dimGβ⊗OK ≥ rank(G).
We say β to be smoothly regular with respect to G over K (or β ∈ g(K) is
smoothly regular with respect to G⊗OK) if dimK gβ(K) = rank(G) (see [16,
1.4]). In this case Gβ⊗OK is smooth over K. If β is smoothly regular with
respect to G over F and over F, then β is said to be smoothly regular with
respect to G.
We say β to be connected with respect to G if the fibers Gβ⊗OK (K = F,F)
are connected. See Remark 2.4.3 for a sufficient condition for the connectedness
of Gβ⊗OK.
Proposition 2.4.1 If β ∈ g(O) is smoothly regular and connected with respect
to G, then Gβ is commutative and smooth over O.
[Proof] Let Goβ be the neutral component of O-group scheme Gβ which is a
group functor of the category of O-scheme (see §3 of Expose´ VIB in [5]). The
following statements are equivalent;
1) Goβ is representable as an smooth open O-group subscheme of Gβ ,
2) Gβ is smooth at the points of unit section,
3) each fibers Gβ⊗OK (K = F,F) are smooth over K and their dimensions
are constant
(see Th. 3.10 and Cor. 4.4 of [5]). So if β is smoothly regular with respect to
G, then Goβ is smooth open O-group subscheme of Gβ . If further β is connected
with respect to G, then Goβ = Gβ is smooth over O. Let β = βs + βn be the
Jordan decomposition of β ∈ gβ(F ). Then the identity component G of the
centralizer ZG⊗OF (βs) is a reductive F -algebraic group and
Gβ⊗OF = ZG(βn)
because Gβ⊗OF is connected. Then [13] shows that Gβ(F ) is commutative (F
is the algebraic closure of F ), and hence Gβ is a commutative O-group scheme.

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Let us present more detail description of the smooth regularity of Lie ele-
ment. Assume that the characteristic of K = F,F is not bad with respect to
G⊗OK. The list of the bad primes is
type of G⊗OK Ar Br, Dr Cr E6, E7, F4 E8 G2
bad prime ∅ 2 2 2, 3 2, 3, 5 2, 3
(see [2, p.178, I-4.3]).
Take a β ∈ g(O) and let β = βs + βn be the Jordan decomposition of
β ∈ g(K) into the semi-simple part βs ∈ g(K) and the nilpotent part βn ∈ g(K)
(β ∈ g(K) is the image of β ∈ g(O) under the canonical mapping g(O)→ g(K)).
The identity component L = ZG⊗OK(βs)
o of the centralizer of βs in G⊗OK is
a reductive group over K and there exists a maximal torus T of G⊗OK such
that
βs ∈ Lie(T )(K)
(see [1, Prop.13.19] and its proof). Then T ⊂ L and rank(L) = rank(G). Put
l = Lie(L), then l(K) = Zg(K)(βs). So β ∈ g(K) is smoothly regular with
respect to G⊗OK if and only if βn ∈ l(K) is smoothly regular with respect to
L.
Now fix a system of positive roots Φ+ in the root system Φ(T, L) of L with
respect to T such that
βn =
∑
α∈Φ+
cα ·Xα
where Xα is a root vector of the root α. Then the result of [2, p.228,III-3.5]
implies
Proposition 2.4.2 β ∈ g(K) is smoothly regular with respect to G over K if
and only if cα 6= 0 for all simple α ∈ Φ
+.
Remark 2.4.3 Assume that β ∈ g(K) is smoothly regular with respect to G⊗OK.
Then Gβ⊗OK is connected if ZG⊗OK(βs) and its center are connected (see The-
orem 5.9 b) of [15]).
Remark 2.4.4 If G⊗OK is of type Ar, Br or Cr, then, putting G ⊂ GLn
with suitable n (that is n = r+1, 2r+1, 2r for type Ar, Br, Cr respectively), an
element β ∈ g(O) ⊂ gln(O) is smoothly regular with respect to G over K if and
only if β is smoothly regular with respect to GLn over K.
Let us consider the case of GLn (n ≥ 2) which is a connected smooth reduc-
tive O-group scheme. For β ∈ gln(O), the following statements are equivalent;
1) β ∈ gln(O) is smoothly regular with respect to GLn over F,
2) β ∈Mn(F) is GLn(F)-conjugate to
Jn1(α1)⊞ · · ·⊞ Jnr (αr) =
Jn1(α1) . . .
Jnr(αr)
 ,
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where α1, · · · , αr are distinct elements of the algebraic closure F of F and
Jm(α) =

α 1
α
. . .
. . . 1
α

is a Jordan block of size m,
3) the characteristic polynomial χβ(t) = det(t1n − β) ∈ F[t] is the minimal
polynomial of β ∈Mn(F),
4) {X ∈Mn(F) | Xβ = βX} = F[β],
5) {X ∈Mn(Ol) | Xβ ≡ βX (mod p
l)} = Ol[βl] for all l > 0,
6) On is a cyclic O[β]-module, that is, there exists a vector v ∈ On such that
On = O[β]v.
In this case we have
1) {X ∈Mn(O) | Xβ = βX} = O[β],
2) β ∈ gln(O) is smoothly regular with respect to GLn over F and
3) the centralizer GLn,β is commutative and smooth over O.
2.5 In order to give a presentation of the results directly connected with the
regularity, let us put G = GLn, SLn (with n prime to the characteristic of F),
Spn (with even n) or SO(S) with a symmetric matrix S ∈ Symn(O) of odd size
and
SO(S)(K) = {g ∈ SLn(K) |
tgSg = g}
for any O-algebra K. Then G is a smooth O-group scheme which fulfills three
conditions I), II) and III) of subsection 2.1.
Take a β ∈ g(O) which is smoothly regular and connected with respect to
G. Then the results of the preceding subsection show that Gβ is a commutative
smooth O-group scheme, and that the characteristic polynomial of β ∈ g(F) ⊂
gln(F) is the minimal polynomial of β ∈Mn(F). Then Theorem 2.3.1 gives the
following
Theorem 2.5.1 Take a β ∈ g(O) which is smoothly regular and connected with
respect G. Then we have a bijection θ 7→ σβ,θ of the set
{θ ∈ Gβ(Or)̂ s.t. θ = ψβ on Gβ(Or) ∩Kl(Or)}
onto Irr(G(Or , β) | ψβ).
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2.6 Assume that r = 2l is even so that l′ = l. Since Gβ is a smooth O-group
scheme, the canonical map Gβ(Or)→ Gβ(Ol) is surjective. Then we have
G(Or , β) = Gβ(Or) ·Kl(Or)
where Gβ(Or) is a commutative finite group. Let θ be a character of Gβ(Or)
such that θ = ψβ on Gβ(Or) ∩ Kl(Or). Then we have an one-dimensional
representation σβ,θ of G(Or , β) defined by
σβ,θ(gh) = θ(g) · ψβ(h) (g ∈ Gβ(Or), h ∈ Kl(Or)). (1)
Then θ 7→ σβ,θ is an injection of the set
{θ ∈ Gβ(Or)̂ s.t. θ = ψβ on Gβ(Or) ∩Kl(Or)}
into Irr(G(Or , β) | ψβ).
Take any σ ∈ Irr(G(Or , β) | ψβ) with representation space Vσ. Then
Vσ(ψβ) = {v ∈ Vσ | σ(g)v = ψβ(g)v for ∀g ∈ Kl(Or)}
is a non-trivialG(Or, β)-subspace of Vσ so that Vσ = Vσ(ψβ). Then, for any one-
dimensional representation χ of G(Or , β) such that χ = ψβ on Kl(Or), we have
Kl(Or) ⊂ Ker(χ
−1 ⊗ σ). On the other hand G(Or, β)/Kl(Or) is commutative,
we have dim(χ−1⊗σ) = 1 and then dimσ = 1. Then θ = σ|Gβ(Or) is a character
of Gβ(Or) such that θ = ψβ on Gβ(Or) ∩Kl(Or), and we have σ = σβ,θ.
3 Schur multiplier
Let G ⊂ GLn be a closed F-algebraic subgroup and g the Lie algebra of G which
is a closed affine F-subscheme of the Lie algebra gln of GLn. Let us assume that
the trace form
B : g(F)× g(F)→ F ((X,Y ) 7→ tr(XY ))
is non-degenerate. Fix a β ∈ g(F) such that gβ(F)   g(F).
3.1 The non-zero F-vector space Vβ = g(F)/gβ(F) has a symplectic form
〈X˙, Y˙ 〉β = B([X,Y ], β)
where X˙ = X (mod gβ(F)) ∈ Vβ with X ∈ gβ(F). Then g ∈ Gβ(F) gives an
element σg of the symplectic group Sp(Vβ) defined by
X (mod gβ(F)) 7→ Ad(g)
−1X (mod gβ(F)).
Note that the group Sp(Vβ) acts on Vβ from right. Let v 7→ [v] be a F-linear
section on Vβ of the exact sequence
0→ gβ(F)→ g(F)→ Vβ → 0. (2)
For any v ∈ Vβ and g ∈ Gβ(F), put
γ(v, g) = γg(v, g) = Ad(g)
−1[v]− [vσg] ∈ gβ(F).
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Take a character ρ ∈ gβ(F) .̂ Then there exists uniquely a vg ∈ Vβ such that
ρ(γ(v, g)) = τ̂ (〈v, vg〉β)
for all v ∈ Vβ . Note that vg ∈ Vβ depends on ρ as well as the section v 7→ [v].
Let
Gβ(F)
(c) = {g ∈ G(F) | Ad(g)Y = Y for ∀Y ∈ gβ(F)}
be the centralizer of gβ(F) in G(F), which is a subgroup of Gβ(F). Then for any
g, h ∈ Gβ(F)
(c), we have
vgh = vhσ
−1
g + vg (3)
because γ(v, gh) = γ(v, g) + γ(vσ−1g , h) for all v ∈ Vβ . Put
cβ,ρ(g, h) = τ̂ (2
−1〈vg, vgh〉β)
for g, h ∈ Gβ(F)
(c). Then the relation (3) shows that cβ,ρ ∈ Z
2(Gβ(F)
(c),C×)
is a 2-cocycle with trivial action of Gβ(F)
(c) on C×. Moreover we have
Proposition 3.1.1 The cohomology class [cβ,ρ] ∈ H
2(Gβ(F)
(c),C×) is inde-
pendent of the choice of the F-linear section v 7→ [v].
[Proof] Take another F-linear section v 7→ [v]′ with respect to which we will
define γ′(v, g) ∈ gβ and v
′
g ∈ Vβ as above. Then there exists a δ ∈ Vβ such
that ρ([v]− [v]′) = τ̂ (〈v, δ〉β) for all v ∈ Vβ . We have v
′
g = vg + δ − δσg for all
g ∈ Gβ(F)
(c). So if we put α(g) = τ̂
(
2−1〈v′g − vg−1 , δ〉β
)
for g ∈ Gβ(F)
(c), then
we have
τ̂
(
2−1〈v′g, v
′
gh〉β
)
= τ̂
(
2−1〈vg, vgh〉β
)
· α(h)α(gh)−1α(g)
for all g, h ∈ Gβ(F)
(c). 
3.2 Let us assume that there exists a closed smooth O-group subscheme H ⊂
GLn of which our G is a closed O-group subscheme and that the trace form
B : h(F)× h(F)→ F
is non-degenerate where h is the Lie algebra of H . Then we have
h(F) = g(F)⊕ g(F)⊥
where g(F)⊥ = {X ∈ h(F) | B(X, g(F)) = 0} is the orthogonal complement of
g(F) in h(F).
Take a β ∈ g(O) such that gβ(F)   g(F). Then β ∈ h(O) and hβ(F)   h(F)
where hβ = Zh(β) is the centralizer. We have decompositions
hβ(F) = gβ(F)⊕
(
g(F)⊥
)
β
where
(
g(F)⊥
)
β
= hβ(F) ∩ g(F)
⊥, and
V˜β = h(F)/hβ(F) = Vβ ⊕
(
g(F)⊥/
(
g(F)⊥
)
β
)
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is an orthogonal decomposition of symplectic spaces.
Let v 7→ [v] be a F-linear section of the exact sequence
0→ hβ(F)→ h(F)→ V˜β → 0
of F-vector space such that [Vβ ] ⊂ g(F) and [g(F)
⊥/
(
g(F)⊥
)
β
] ⊂ g(F)⊥.
Take ρ ∈ gβ(F)̂and put
ρ˜ : hβ(F) = gβ(F)⊕
(
g(F)⊥
)
β
projection
−−−−−−→ gβ(F)
ρ
−→ C×.
For any g ∈ Gβ(F) ⊂ Hβ(F), there exists uniquely a vg ∈ Vβ such that
ρ (γg(v, g)) = τ̂ (〈v, vg〉β)
for all v ∈ Vβ . Then we have
ρ˜ (γh(v, vg)) = τ̂ (〈v, vg〉β)
for all v ∈ V˜β . In fact if we put v = v
′ + v′′ with v′ ∈ Vβ and v
′′ ∈
g(F)⊥/
(
g(F)⊥
)
β
, then we have γh(v, g) = γg(v
′, g) + γh(v
′′, g) with γh(v
′′, g) ∈(
g(F)⊥
)
β
, since
Ad(g)g(F)⊥ = g(F)⊥, Ad(g)
(
g(F)⊥
)
β
=
(
g(F)⊥
)
β
.
Then we have
ρ˜ (γh(v, g)) = ρ (γg(v
′, g)) = τ̂ (〈v′, vg〉β)
= τ̂ (〈v, vg〉β)
because 〈v′′, vg〉β = 0. Hence we have
Proposition 3.2.1 If Gβ(F)
(c) ⊂ Hβ(F)
(c) then the Schur multiplier [cβ,ρ] ∈
H2(Gβ(F)
(c),C×) is the image under the restriction mapping
Res : H2(Hβ(F)
(c),C×)→ H2(Gβ(F)
(c),C×)
of the Schur multiplier [cβ,ρ˜] ∈ H
2(Hβ(F)
(c),C×).
4 Weil representation
Assume that r = 2l− 1 ≥ 3 is odd so that l′ = l − 1 ≥ 1.
4.1 We have a chain of canonical surjections
♥ : Kl−1(Or)→ Kl−1(Or−1) →˜ g(Ol−1)→ g(F) (4)
defined by
1 +̟l−1X (mod pr) 7→ 1 +̟l−1X (mod pr−1)
7→ X (mod pl−1) 7→ X = X (mod p)..
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Let us denote by Z(Or, β) the inverse image under the surjection ♥ of gβ(F).
Then Z(Or, β) is a normal subgroup of Kl−1(Or) containing Kl(Or) as the
kernel of ♥.
Let us denote by Yβ the set of the group homomorphisms ψ of Z(Or, β) to
C× such that ψ = ψβ on Kl(Or). Then a bijection of gβ(F)̂onto Yβ is given by
ρ 7→ ψβ,ρ = ψ˜β · (ρ ◦ ♥),
where a group homomorphism ψ˜β : Z(Or, β)→ C
× is defined by
1 +̟l−1X (mod pr) 7→ τ
(
̟−lB(X, β)− (2̟)−1B(X2, β)
)
with X = X (mod p) ∈ gβ(F).
Take a ψ ∈ Yβ . For two elements
x = 1 +̟l−1X (mod pr), y = 1 +̟l−1Y (mod pr)
of Kl−1(Or), we have x
−1 = 1−̟l−1X+2−1̟2l−2X2 (mod pr) so that we have
xyx−1y−1 = 1 +̟r−1[X,Y ] (mod pr) ∈ Kr−1(Or) ⊂ Kl(Or)
and so ψβ(xyx
−1y−1) = τ
(
̟−1B(X, ad(Y )β)
)
. Hence we have
ψ(xyx−1y−1) = ψβ(xyx
−1y−1) = 1
for all x ∈ Kl−1(Or) and y ∈ Z(Or, β) so that we can define
Dψ : Kl−1(Or)/Z(Or, β)×Kl−1(Or)/Z(Or, β)→ C
×
by
Dψ(g˙, h˙) = ψ(ghg
−1h−1) = ψβ(ghg
−1h−1) = τ
(
̟−1B([X,Y ], β)
)
for g = (1 + ̟l−1X)(mod pr), h = (1 + ̟l−1Y )(mod pr) ∈ Kl−1(Or). Note
that Dψ is non-degenerate. Then Proposition 3.1.1 of [18] gives
Proposition 4.1.1 For any ψ = ψβ,ρ ∈ Yβ with ρ ∈ gβ(F) ,̂ there exists unique
irreducible representation πψ of Kl−1(Or) such that 〈ψ, πψ〉Z(Or ,β) > 0. Fur-
thermore
Ind
Kl−1(Or)
Z(Or ,β)
ψ =
dimpiψ⊕
πψ
and πψ(x) is the homothety ψ(x) for all x ∈ Z(Or, β).
Fix a ψ = ψβ,ρ ∈ Yβ with ρ ∈ gβ(F) .̂ Our problem is to extend the represen-
tation πψ ofKl−1(Or) to a representation ofG(Or , β) = Gβ(Or)·Kl−1(Or). Now
for any gr = g (mod p
r) ∈ Gβ(Or) and x = (1 +̟
l−1X)(mod pr) ∈ Z(Or, β),
we have
g−1r xgrx
−1 =
(
1 +̟l−1g−1Xg
) (
1−̟l−1X + 2−1̟2l−2X2
)
(mod pr)
= 1 +̟l−1
(
Ad(g)−1X −X
)
(mod pr) ∈ Kl(Or),
and
ψ(g−1r xgrx
−1) = ψβ(g
−1
r xgrx
−1) = τ
(
̟−lB(X,Ad(g)β − β)
)
= 1,
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that is ψ(g−1r xgr) = ψ(x) for all x ∈ Z(Or, β). This means that, for any
g ∈ Gβ(Or), the g-conjugate of πψ is isomorphic to πψ , that is, there exists a
U(g) ∈ GLC(Vψ) (Vψ is the representation space of πψ) such that
πψ(g
−1xg) = U(g)−1 ◦ πψ(x) ◦ U(g)
for all x ∈ Kl−1(Or), and moreover, for any g, h ∈ Gβ(Or), there exists a
cU (g, h) ∈ C
× such that
U(g) ◦ U(h) = cU (g, h) · U(gh).
Then cU ∈ Z
2(Gβ(Or),C
×) is a C×-valued 2-cocycle on Gβ(Or) with trivial
action on C×, and the cohomology class [cU ] ∈ H
2(Gβ(Or),C
×) is independent
of the choice of each U(g).
In the following subsections, we will construct πψ by means of Schro¨dinger
representations over the finite field F (see Proposition 4.4.1), and will show that
we can construct U(g) by means of Weil representation so that we have
cU (g, h) = cβ,ρ(g, h)
for all g, h ∈ Gβ(Or), where g ∈ Gβ(F) is the image of g ∈ Gβ(Or) under
the canonical surjection G(Or) → G(F) (see subsection 4.5). Furthermore,
Proposition 4.6.1 tells us that the Schur multiplier [cβ,ρ] ∈ H
2(Gβ(F),C
×) is
trivial.
So let us assume that the Schur multiplier [cU ] ∈ H
2(Gβ(Or),C
×) is trivial.
Then we have
Proposition 4.1.2 There exists a group homomorphism Uψ : Gβ(Or)→ GLC(Vψ)
such that
1) πψ(g
−1xg) = Uψ(g)
−1◦πψ(x)◦Uψ(g) for all g ∈ Gβ(Or) and x ∈ Kl−1(Or)
and
2) Uψ(h) = 1 for all h ∈ Gβ(Or) ∩Kl−1(Or).
[Proof] Since the Schur multiplier [cU ] ∈ H
2(Gβ(Or),C
×) is trivial, there ex-
ists a group homomorphism U : Gβ(Or) → GLC(Vψ) such that πψ(g
−1xg) =
U(g)−1 ◦ πψ(x) ◦ U(g) for all g ∈ Gβ(Or) and x ∈ Kl−1(Or). Then for any
h ∈ Gβ(Or)∩Kl−1(Or) there exists a c(h) ∈ C
× such that U(h) = c(h) · πψ(h).
On the other hand we have
Gβ(Or) ∩Kl−1(Or) ⊂ Z(Or, β)
since (1 +̟l−1X)r ∈ Gβ(Or) ∩Kl−1(Or) means that
β ≡ (1 +̟l−1X)β(1 +̟l−1X)−1 (mod pl)
≡ (β +̟l−1Xβ)(1−̟l−1X) (mod pl)
≡ β +̟l−1[X, β] (mod pl)
and then [X, β] ≡ 0(mod p), that is X (mod p) ∈ gβ(F). Then πψ(h) is the
homothety ψ(h) for all h ∈ Gβ(Or) ∩ Kl−1(Or). Extend the group homo-
morphism h 7→ c(h)ψ(h) of Gβ(Or) ∩ Kl−1(Or) to a group homomorphism
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θ : Gβ(Or) → C
×. Then g 7→ Uψ(g) = θ(g)
−1U(g) is the required group
homomorphism. 
Let us denote byGβ(Or) ×̂Kl−1(Or)gβ(F)̂the set of (θ, ρ) ∈ Gβ(Or) ×̂gβ(F)̂
such that θ = ψβ,ρ onGβ(Or)∩Kl−1(Or). Then (θ, ρ) ∈ Gβ(Or) ×̂Kl−1(Or)gβ(F)̂
defines an irreducible representation σθ,ρ of G(Or , β) = Gβ(Or) ·Kl−1(Or) by
σθ,ρ(gh) = θ(g) · Uψ(g) ◦ πψ(h) (5)
for g ∈ Gβ(Or) and h ∈ Kl−1(Or) with ψ = ψβ,ρ. Then we have
Proposition 4.1.3 A bijection of C ×̂Kl−1(Or)gβ(F)̂onto Irr(G(Or , β) | ψβ) is
given by (θ, ρ) 7→ σθ,ρ.
[Proof] Clearly σθ,ρ ∈ Irr(G(Or , β) | ψβ) for all (θ, ρ) ∈ C ×̂Kl−1(Or)gβ(F) .̂
Take a σ ∈ Irr(G(Or , β) | ψβ). Then
σ →֒ Ind
G(Or,β)
Kl(Or)
ψβ = Ind
G(Or,β)
Z(Or ,β)
(
Ind
Z(Or ,β)
Kl(Or)
ψβ
)
=
⊕
ψ∈Yβ
Ind
G(Or ,β)
Z(Or ,β)
ψ
so that there exists a ψ = ψβ,ρ ∈ Yβ with ρ ∈ gβ(F)̂such that
σ →֒ Ind
G(Or ,β)
Z(Or ,β)
ψ = Ind
G(Or ,β)
Kl−1(Or)
(
Ind
Kl−1(Or)
Z(Or ,β)
ψ
)
=
dimpiψ⊕
Ind
G(Or ,β)
Kl−1(Or)
πψ =
dimpiψ⊕ ⊕
θ
σθ,ψ,
where
⊕
θ
is the direct sum over θ ∈ Gβ(Or)̂such that θ = ψβ,ρ on Gβ(Or) ∩
Kl−1(Or). Then we have σ = σθ,ρ for some (θ, ρ) ∈ Gβ(Or) ×̂Kl−1(Or)gβ(F) .̂

This proposition combined with the following proposition gives the bijection
presented in our main Theorem 2.3.1 in the case of r being odd.
Proposition 4.1.4 (θ, ρ) 7→ θ gives a bijection of Gβ(F) ×̂Kl−1(Or)gβ(F)̂onto
the set
{θ ∈ Gβ(Or)̂ s.t. θ = ψβ on Gβ(Or) ∩Kl(Or)} .
[Proof] Take a (θ, ρ) ∈ Gβ(F) ×̂Kl−1(Or)gβ(F) .̂ The smoothness of Gβ over
O implies that the canonical mapping gβ(O) → gβ(F) is surjective. So Take a
X ∈ gβ(F) with X ∈ gβ(O). Then we have
g = 1 +̟l−1X + 2−1̟2l−2X2 (mod pr) ∈ Kl−1(Or) ∩Gβ(Or)
so that
θ(g) = ψβ,ρ(g) = τ
(
̟−lB(X + 2−1̟l−1X2, β)− 2−1̟−1B(X, β)
)
· ρ(X)
= τ
(
̟−lB(X, β)
)
· ρ(X).
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Hence we have
ρ(X) = τ
(
−̟−lB(X, β)
)
· θ
(
1 +̟l−1X + 2−1̟2l−2X2 (mod pr)
)
.
This means that the mapping (θ, ρ) 7→ θ is injective. Take X,X ′ ∈ gβ(O) such
that X ≡ X ′ (mod p). Then we have X ′ = X +̟T with T ∈ gβ(O) and
1 +̟l−1X ′ + 2−1̟2l−2X ′2 (mod pr)
=1 +̟−1X + 2−1̟2l−2X2 +̟lT (mod pr)
=(1 +̟l−1X + 2−1̟2l−2X2)(1 +̟lT ) (mod pr),
where 1 +̟lT (mod pr) ∈ Kl(Or) and hence
θ(1 +̟lT (mod pr)) = ψβ(1 +̟
lT (mod pr)) = τ
(
̟−(l−1)B(T, β)
)
.
This and the commutativity of Gβ show that
ρ(X) = τ
(
−̟−lB(X, β)
)
· θ
(
1 +̟l−1X + 2−1̟2l−2X2 (mod pr)
)
with X ∈ gβ(F) with X ∈ gβ(O) gives an well-defined group homomorphism
of gβ(F) to C
×. Then (θ, ρ) ∈ Gβ(Or) ×̂Kl−1(Or)gβ(F)̂ and our mapping in
question is surjective. 
4.2 A group extension
0→ g(Ol−1)
♦
−→ Kl−1(Or)
♥
−→ g(F)→ 0 (6)
is given by the canonical surjection (4), whose kernel is Kl(Or), with the group
isomorphism
♦ : g(Ol−1) →˜Kl(Or)
defined by S (mod pl−1) 7→ (1 +̟lS)(mod pr).
In order to determine the 2-cocycle of the group extension (6), choose any
mapping λ : g(F) → g(O) such that X = λ(X)(mod p) for all X ∈ g(F) and
λ(0) = 0, and define a section
l : g(F)→ Kl−1(Or)
of (6) by X 7→ 1 +̟l−1λ(X) + 2−1̟2l−2λ(X)2 (mod pr). Then we have
l(X)−1 = 1−̟l−1λ(X) + 2−1̟2l−2λ(X)2 (mod pr)
for all X ∈ g(F) and
l(X)(1 +̟lS)l(X)−1 ≡ 1 +̟lS (mod pr)
for all Sl−1 ∈ g(Ol−1). Furthermore we have
l(X)l(Y )l(X + Y )−1 = 1 +̟l
{
µ(X,Y ) + 2−1̟l−2[λ(X), λ(Y )]
}
(mod pr)
for all X,Y ∈ g(F) where µ : g(F)× g(F)→ g(O) is defined by
λ(X) + λ(Y )− λ(X + Y ) = ̟ · µ(X,Y )
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for all X,Y ∈ g(F). Now we have two elements (2-cocycle)
µ = [(X,Y ) 7→ µ(X,Y )l−1], c = [(X,Y ) 7→ 2
−1̟l−2[X,Y ]l−1]
of Z2(g(F), g(Ol−1)) with trivial action of g(F) on g(Ol−1).
Let us consider two groups M and G corresponding to the two 2-cocycles
µ and c respectively. That is the group operation on M = g(F) × g(Ol−1) is
defined by
(X,Sl−1) · (Y, Tl−1) = (X + Y, (S + T + µ(X,Y ))l−1)
and the group operation on G = g(F)× g(Ol−1) is defined by
(X,Sl−1) · (Y , Tl−1) = (X + Y , (S + T + 2
−1̟l−2[X,Y ])l−1).
Let G×g(F)M be the fiber product of G and M with respect to the canonical
projections onto g(F). In other word
G×g(F)M = {(X ;S, T ) = ((X,S), (X,T )) ∈ G×M}
is a subgroup of the direct product G ×M. We have a surjective group homo-
morphism
(∗) : G×g(F)M→ Kl−1(Or) (7)
defined by
(X ;Sl−1, Tl−1) 7→l(X) · (1 +̟
l(S + T ) (mod pr))
= 1 +̟l−1λ(X) + 2−1̟2l−2λ(X)2 +̟l(S + T ) (mod pr).
4.3 The group homomorphism Bβ : g(Ol−1) → Ol−1 (X 7→ B(X, βl−1))
induces a group homomorphism
B∗β : H
2(g(F), g(Ol−1))→ H
2(g(F), Ol−1).
Let us denote by Hβ the group associated with the 2-cocycle
cβ = Bβ ◦ c =
[
(X,Y ) 7→ 2−1̟l−2B([X,Y ], β)l−1
]
∈ Z2(g(F), Ol−1).
That is Hβ = g(F)×Ol−1 with a group operation
(X, s) · (Y , t) = (X + Y , s+ t+ 2−1̟l−2B([X,Y ], β)l−1).
Then the center of Hβ is Z(Hβ) = gβ(F) × Ol−1, the direct product of two
additive groups gβ(F) and Ol−1.
The inverse image of Z(Hβ) with respect to the surjective group homomor-
phism
♠ : G×g(F)M→ Hβ ((X ;Sl−1, Tl−1) 7→ (X,B(S, β)l−1)) (8)
is
(
G×g(F)M
)
β
=
{
(X ;S, T ) ∈ G×g(F)M | X ∈ g(F)β
}
which is mapped onto
Z(Or, β) ⊂ Kl−1(Or) by the surjection (7).
Take a ρ ∈ gβ(F)̂which defines group homomorphisms
χρ = ρ⊗
[
xl−1 7→ τ(̟
−(l−1)x)
]
: Z(Hβ) = gβ(F)×Ol−1 → C
×
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and
χ˜ρ :
(
G×g(F)M
)
β
♠
−→ Z(Hβ)
χρ
−→ C×.
On the other hand we have a group homomorphism
ψ˜0 : G×g(F)M→ C
×
defined by ψ˜0(X ;Sl−1, Tl−1) = τ
(
̟−lB(λ(X) +̟T, β)
)
. Then ψ˜0 · χ˜β is trivial
on the kernel of the surjection (7) and it induces a group homomorphism ψβ,ρ ∈
Yβ defined in subsection 4.1.
4.4 Fix a ρ ∈ gβ(F) .̂ Let us determine the 2-cocycle of the group extension
0→ Z(Hβ)→ Hβ
♣
−→ Vβ → 0 (9)
where ♣ : Hβ → Vβ is defined by (X, s) 7→ X˙ (mod gβ(F)). Fix a F-linear
section v 7→ [v] of the exact sequence
0→ gβ(F)→ g(F)→ Vβ → 0
of F-vector spaces and define a section l : Vβ → Hβ of the group extension (9)
by l(v) = ([v], 0). Then we have
l(u)l(v)l(u+ v)−1 = (0, 2−1̟l−2B([X,Y ], β) (mod pl−1))
for u = X˙, v = Y˙ ∈ Vβ so that the 2-cocycle of the group extension (9) is[
(X˙, Y˙ ) 7→ 2−1̟l−2B([X,Y ], β) (mod pl−1)
]
∈ Z2(Vβ , Ol−1).
Define a group operation on Hβ = Vβ × Z(Hβ) by(
X˙, z
)
·
(
Y˙ , w
)
=
(
˙X + Y , z + w + 2−1̟l−2B([X,Y ], β) (mod pl−1)
)
.
Then Hβ is isomorphic to Hβ by (v, (Y, s)) 7→ ([v] + Y, s).
Let Hβ be the Heisenberg group of the symplectic F-space Vβ , that is Hβ =
Vβ × C
1 with a group operation
(u, s) · (v, t) =
(
u+ v, s · t · τ̂ (2−1〈u, v〉β)
)
.
Then we have a group homomorphism
Hβ = Vβ × Z(Hβ)→ Hβ ((v, z) 7→ (v, χρ(z)).
Fix a polarization Vβ = W
′ ⊕W of the symplectic F-space Vβ . Let us denote
by L2(W′) the complex vector space of the complex-valued functions f on W′
with inner product (f, f ′) =
∑
w∈W′
f(w)f ′(w). The Schro¨dinger representation
(πβ , L2(W′)) of Hβ associated with the polarization is defined for (v, s) ∈ Hβ
and f ∈ L2(W′) by(
πβ(v, s)f
)
(w) = s · τ̂
(
2−1〈v−, v+〉β + 〈w, v+〉β
)
· f(w + v−)
16
where v = v− + v+ ∈ Vβ with v− ∈W
′, v+ ∈W
′.
Now an irreducible representation (πβ,ρ, L2(W′)) ofHβ is defined by π
β,ρ(v, z) =
πβ(v, χρ(z)), and an irreducible representation (π˜
β,ρ, L2(W′)) of G×g(F)M is de-
fined by
π˜β,ρ : G×g(F)M
♠
−→ Hβ →˜Hβ
piβ,ρ
−−−→ GLC(L
2(W′)).
Then ψ˜0 · π˜β,ρ is trivial on the kernel of (∗) : G×g(F)M → Kl−1(Or) so that it
induces an irreducible representation πβ,ρ of Kl−1(Or) on L
2(W′).
Proposition 4.4.1 Take a g = 1 + ̟l−1T (mod pr) ∈ Kl−1(Or) with T ∈
gln(O). Then we have T (mod p
l−1) ∈ g(Ol−1) and
πβ,ρ(g) = τ
(
̟−lB(T, β)− 2−1̟−1B(T 2, β)
)
· ρ(Y ) · πβ(v, 1)
where T = [v] + Y ∈ g(F) with v ∈ Vβ and Y ∈ gβ(F). In particular πβ,ρ(h) is
the homothety ψβ,ρ(h) for all h ∈ Z(Or, β).
[Proof] By the definition we have
πβ,ψ(l(X)(1 +̟
lS (mod pr)))
=ψ0(X, 0) · π˜
β,ρ([v] + Y ;Sl−1, 0)
=ψ
(
l(Y )(1 +̟lS (mod pr))
)
· τ
(
̟−lB(λ(X)− λ(Y ), β)
)
· πβ(v, 1)
=τ
(
̟−(l−1)B(S, β) +̟−lB(λ(X), β)
)
· ρ(Y ) · πβ(v, 1)
where X = [v] + Y ∈ g(F) with v ∈ Vβ and Y ∈ gβ(F) and put 1 + ̟
l−1T ≡
l(X)(1 +̟lS)(mod pr) with X ∈ g(F) and S ∈ g(O). Then we have
1 +̟l−1T ≡ 1 +̟l−1λ(X) (mod pl)
so that we have T (mod p) = X ∈ g(F) and
̟S ≡ T − λ(T )− 2−1̟l−1λ(T )2 (mod pl).
Then we have
πβ,ρ(g) =π
β,ρ
(
l(T )(1 +̟lS)r
)
=τ
(
̟−(l−1)B(S, β) +̟−lB(λ(T ), β)
)
· ρ(Y ) · πβ(v, 1)
=τ
(
̟−lB(T, β)− 2−1̟−1B(T 2, β)
)
· ρ(Y ) · πβ(v, 1).

This proposition shows that the irreducible representation (πβ,ρ, L
2(W′))
Kl−1(Or) is exactly the irreducible representation πψ with ψ = ψβ,ρ ∈ Yβ
defined in Proposition 4.1.1.
4.5 Fix a ρ ∈ gβ(F) .̂ In this subsection we will study the conjugate action
of gr = g (mod p
r) ∈ G(Or , β) on Kl−1(Or) and on πβ,ρ. For any X ∈ g(F), we
have
g−1r l(X)gr = l
(
Ad(g)−1X) +̟lν(X, g) (mod pr)
)
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with ν(X, g) ∈ g(O) such that
Ad(g)−1λ(X)− λ(Ad(g)−1X) = ̟ · ν(X, g).
Then we have
g−1r l(X)(1 +̟
l(S + T )r)gr
=l(Ad(g)−1X)
(
1 +̟l(Ad(g)−1S +Ad(g)−1T + ν(X, g))
)
(mod pr)
and an action of gr ∈ G(Or , β) on (X ;Sl−1, Tl−1) ∈ G×g(F)M is defined by
(X ;Sl−1, Tl−1)
gr =
(
Ad(g)−1X ; (Ad(g)−1S)l−1, (Ad(g)
−1T + ν(X, g))l−1
)
.
(10)
The action (10) is compatible with the action
(X, s)gr = (Ad(g)−1X, s)
of gr ∈ G(Or , β) on (X, s) ∈ Hβ via the surjection (8). If we put X = [v] + Y ∈
g(F) with v ∈ Vβ and Y ∈ gβ(F), then we have
Ad(g)−1X = [vσg ] + γ(v, g) + Ad(g)
−1Y
in the notations of subsection 3.1. So gr ∈ G(Or, β) acts on (v, (Y, s)) ∈ Hβ by
(v, (Y, s))gr =
(
vσg, (Ad(g)
−1Y + γ(v, g), s)
)
.
In particular gr ∈ Gβ(Or) acts on (v, z) ∈ Hβ by
(v, z)gr = (vσg , (γ(v, g), 0) · z).
There exists a group homomorphism T : Sp(Vβ)→ GLC(L
2(W′)) such that
πβ(vσ, s) = T (σ)−1 ◦ πβ(v, s) ◦ T (σ)
for all σ ∈ Sp(Vβ) and (v, s) ∈ Hβ (see [6, Th.2.4]). Then we have
πβ,ρ((v, z)gr ) =πβ,ρ (vσg, (γ(v, g), 0) · z)
=πβ (vσg , ρ(γ(v, g)) · χρ(z))
=πβ(vσg , τ̂ (〈v, vg〉β) · χρ(z))
=T (σg)
−1 ◦ πβ(v, τ̂ (〈v, vg〉β) · χρ(z)) ◦ T (σg)
=T (σg)
−1 ◦ πβ
(
(vg , 1)
−1(v, χρ(z))(vg , 1)
)
◦ T (σg)
=T (σg)
−1 ◦ πβ(vg , 1)
−1 ◦ πβ,ρ(v, z) ◦ πβ(vg, 1) ◦ T (σg).
If we put
U(gr) = π
β(vg, 1) ◦ T (σg) ∈ GLC(L
2(W′))
for gr ∈ Gβ(Or) then we have
U(gr) ◦ U(hr) = cβ,ρ(g, h) · U((gh)r)
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for all gr, hr ∈ Gβ(Or), in fact
U(gr) ◦ U(hr) = π
β(vg, 1) ◦ T (σg) ◦ π
β(vh, 1) ◦ T (σh)
= πβ(vg, 1) ◦ π
β(vg
−1
h
, 1) ◦ T (σg) ◦ T (σh)
= πβ
(
vg + v
h
g−1 , τ̂
(
2−1〈vg, v
h
g−1 〉β
))
◦ T (σgh)
= cβ,ρ(g, h) · π
β(vgh, 1) ◦ T (σgh).
On the other hand
ψ˜0
(
(X ;Sl−1, Tl−1)
g−1r
)
= τ
(
̟−lB(λ(X) +̟T,Ad(g)β)
)
= τ
(
̟−lB(λ(X) +̟T, β)
)
for all gr ∈ Gβ(Or). That is ψ˜0 is invariant under the conjugate action of
Gl(Or, β)
(c). Hence we have
πβ,ψ(g
−1
r hgr) = U(gr)
−1 ◦ πβ,ψ(h) ◦ U(gr)
for all gr ∈ Gβ(Or) and h ∈ Kl−1(Or).
4.6 The following proposition is the key stone of this paper.
Proposition 4.6.1 If the characteristic polynomial of β ∈ g(F) ⊂ gln(F) is the
minimal polynomial of β ∈Mn(F), then the Schur multiplier [cβ,ρ] ∈ H
2(Gβ(F),C
×)
is trivial for all ρ ∈ g(F) .̂
[Proof] We will devide the proof into two parts.
1) The case of G = Gn. In this case, Corollary 5.1 of [17] shows that the
Schur multiplier [cU ] ∈ H
2(Gβ(Or),C
×) is trivial. On the other hand we have
the inflation-restriction exact sequence
1→ H1(Gβ(F),C
×)
inf
−→ H1(Gβ(Or),C
×)
res
−−→ H1(K1(Or),C
×)Gβ(F)
→ H2(Gβ(F),C
×)
inf
−→ H2(Gβ(Or),C
×)
induced by the exact sequence
1→ K1(Or)→ Gβ(Or)→ Gβ(F)→ 1.
Since we have
H1(Gβ(Or),C
×) = Hom(Gβ(Or),C
×),
H1(K1(Or),C
×)Gβ(F) = Hom(K1(Or),C
×)
and K1(Or) ⊂ Gβ(Or) are finite commutative groups, the restriction mapping
res : H1(Gβ(Or),C
×)→ H1(K1(Or),C
×)Gβ(F)
is surjective. Hence the inflation mapping
inf : H2(Gβ(F),C
×)→ H2(Gβ(Or),C
×)
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is injective. Since the results of the preceding subsections show that the Schur
multiplier [cU ] ∈ H
2(Gβ(Or),C
×) is the image of [cβ,ρ] ∈ H
2(Gβ(F),C
×) under
the inflation mapping, the statement of the proposition is established for the
group G = GLn.
†
2) The general case of G ⊂ GLn. We have Gβ(F) ⊂ GLn,β(F). Then
Proposition 3.2.1 says that the Schur multiplier [cβ,ρ] ∈ H
2(Gβ(F),C
×) is the
image of the Schur multiplier [cβ,ρ˜] ∈ H
2(GLn,β(F),C
×) under the restriction
mapping
res : H2(GLn,β(F),C
×)→ H2(Gβ(F),C
×).
Since we have shown in the part one of the proof that [cβ,ρ˜] ∈ H
2(GLn,β ,C
×)
is trivial, so is [cβ,ρ] ∈ H
2(Gβ(F),C
×). 
It may be quite interesting if we can find a counter example to the following
statement;
Let G be a connected reductive algebraic group defined over F and
g the Lie algebra of G. Take a β ∈ g(F) which is regular with
respect to G and Gβ is commutative. Then the Schur multiplier
[cβ,ρ] ∈ H
2(Gβ(F),C
×)is trivial for all ρ ∈ g(F) .̂
5 Examples
5.1 Let K/F be a tamely ramified field extension of degree n and OK ⊂ K
the integer ring with the maximal ideal pK = ̟KOK . The residue class field
F = O/p is identified with a subfield of K = OK/pK . A prime element ̟K
can be chosen so that we have ̟eK ∈ OK0 where K0 is the maximal unramified
subextension of K/F and e = (K : K0) is the ramification index of K/F . Then
we have OK = OK0 [̟K ].
For a β =
e−1∑
i=0
bi̟
i
K ∈ OK with bi ∈ OK0 , [14, p.545, Lemma 4-7] shows that
the following two statements are equivalent;
1) OK = O[β],
2) b0
σ
6= b0 for all 1 6= σ ∈ Gal(K/F), and b1 ∈ O
×
K0
if e > 1.
By means of the regular representation with respect to an O-basis of OK , we
will identify K with a F -subalgebra of the matrix algebra Mn(F ) where OK =
K ∩Mn(O). Take a β ∈ OK such that OK = O[β]. Then [14, p.545, Cor.1]
shows that the characteristic polynomial χβ(t) = det(t · 1n − β) of β ∈ Mn(O)
has the following properties;
1) χβ(t)(mod p) ∈ F[t] is the minimal polynomial of β ∈Mn(F),
2) χβ(t)(mod p) = p(t)
e with an irreducible polynomial p(t) ∈ F[t],
3) χβ(t)(mod p
2) ∈ O2[t] is irreducible.
By the abuse of the notation, the residue class of α ∈ OK modulo p
m
K is
denoted by α ∈ OK/p
m
K .
†This argument is presented by the referee.
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5.2 G = SLn (n ≥ 2) is a smooth O-group scheme. If n is prime to the
characteristic of F, then G fulfills three conditions I), II) and III) of subsection
2.1.
Let K/F be a field extension of degree n so that it is a tamely ramified
extension. Take a β ∈ OK such that OK = O[β] and TK/F (β) = 0. Under the
identification of subsection 5.1, we have β ∈ g(O) such that Gβ is commutative
smooth O-group scheme. In this case, we have
Gβ(Or) =
{
ε ∈ (OK/p
er
K )
× | ε ∈ UK/F
}
where e is the ramification index of K/F and
UK/F = {ε ∈ O
×
K | NK/F (ε) = 1}.
We have also
Gβ(Or)∩Kl(Or) =
{
1 +̟lx ∈ (OK/p
er
K )
× | x ∈ OK , TK/F (x) ≡ 0 (mod p
l′)
}
and ψβ
(
1 +̟lx
)
= τ
(
̟−l
′
TK/F (xβ)
)
for x ∈ OK such that TK/F (x) ≡ 0
(mod pl
′
). Then Theorem 2.3.1 gives
Proposition 5.2.1 There exists a bijection θ 7→ Ind
G(Or)
G(Or,β)
σβ,θ of the set
θ : UK/F → (OK/p
er
K )
× → C× : group homomorphism
s.t. θ(γ) = τ(̟−l
′
TK/F (βx))
for ∀γ ∈ UK/F s.t. γ ≡ 1 +̟
lx (mod perK ), x ∈ OK

onto Irr(G(Or) | ψβ).
5.3 Let G = Sp2n be the O-group scheme such that
Sp2n(L) = {g ∈ GL2n(L) | gJn
tg = Jn}
(Jn =
[
0 1n
−1n 0
]
) for all O-algebra L. Then G is a connected smooth reductive
O-group scheme. The Lie algebra g = sp2n of G is an affine O-subscheme of
gl2n such that
sp2n(L) = {X ∈ gl2n(L) | XJn + Jn
tX = 0}
for all O-algebra L. The O-group scheme G satisfies the conditions I), II) and
III) of the subsection 2.1.
LetK+/F be a tamely ramified extension of degree n andK/K+ a quadratic
extension. Take a ω ∈ OK such that
OK = OK+ ⊕ ωOK+ , ω
ρ = −ω
where ρ ∈ Gal(K/K+) is the non-trivial element. Then
D(x, y) =
1
2
TK/F
(
ω−1̟
1−e+
K+
xρy
)
(x, y ∈ K)
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with the ramification index e+ of K+/F is a symplectic form on the F -vector
spaceK. Fix an O-basis {u1, · · · , un} of OK+ . Since K+/F is a tamely ramified
extension, there exists u∗j ∈ p
1−e+
K+
(1 ≤ j ≤ n) such that TK+/F (uiu
∗
j ) = δij . If
we put vj = ω ·̟
e+−1
K+
· u∗j ∈ OK , then we have
D(ui, uj) = D(vi, vj) = 0, D(ui, vj) = δij (1 ≤ i, j 6= n).
Identify the F -algebra K with a F -subalgebra of M2n(F ) by means of the O-
basis {u1, · · · , un, v1, · · · , vn} of OK .
Take a β ∈ OK such that OK = O[β] and β
ρ + β = 0. Then β ∈ g(O) such
that Gβ is a commutative smooth O-group subscheme of G. We have
Gβ(Or) =
{
ε ∈ (OK/p
er
K )
× | ε ∈ UK/K+
}
where e is the ramification index of K/F and
UK/K+ = {ε ∈ O
×
K | NK/K+(ε) = 1}.
We have also
Gβ(Or)∩Kl(Or) =
{
1 +̟lx ∈ (OK/p
er
K )
× | x ∈ OK , TK/K+(x) ≡ 0 (mod p
e+l
′
K+
)
}
and ψβ
(
1 +̟lx
)
= τ
(
̟−l
′
TK/F (βx)
)
for x ∈ OK such that TK/K+(x) ≡ 0
(mod p
e+l
′
K+
). Then Theorem 2.3.1 gives
Proposition 5.3.1 There exists a bijection θ 7→ Ind
G(Or)
G(Or,β)
σβ,θ of the set
θ : UK/K+ → (OK/p
er
K )
× → C× : group homomorphism
s.t. θ(γ) = τ(̟−l
′
TK/F (βx))
for ∀γ ∈ UK/K+ , γ ≡ 1 +̟
lx (mod perK ), x ∈ OK

onto Irr(G(Or) | ψβ).
5.4 Take a S ∈ Mn(O) such that
tS = S and detS ∈ O×. Let G = SO(S)
be the O-group scheme such that
G(L) = {g ∈ SLn(L) | gS
tg = S}
for all O-algebra L. Then G is a connected smooth reductive O-group scheme.
The Lie algebra g = so(S) of G is an affine O-subscheme of gln such that
g(L) = {X ∈ gln(L) | XS + S
tX = 0}
for all O-algebra L. The O-group scheme G satisfies the conditions I), II) and
III) of the subsection 2.1.
Take a β ∈ g(O) and assume that n is odd or that detβ 6≡ 0(mod p). Let
βs ∈ g(L) be the semisimple part of β ∈ g(L) (L = F or L = F). Then the
centralizer ZG⊗OL(βs) is connected and its center is also connected. Hence if β ∈
g(O) is smoothly regular with respect to G, then Gβ is a smooth commutative
O-group scheme.
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Assume that n = 2m is even. LetK/F be a tamely ramified Galois extension
of degree 2m. Fix an intermediate field F ⊂ K+ ⊂ K such that (K : K+) = 2,
and assume that K/K+ is unramified. Take an ε ∈ O
×
K+
and put
Sε(x, y) = TK/F
(
ε ·̟1−eK+ · xy
ρ
)
(x, y ∈ K)
where ρ ∈ Gal(K/K+) is the non-trivial element and e is the ramification in-
dex of K/F . Then Sε is a regular F -quadratic form on K. Take a O-basis
{u1, · · · , un} of OK and put B =
(
u
σj
i
)
1≤i,j≤n
with Gal(K/F ) = {σ1, · · · , σn}.
Then we have
(Sε(ui, uj))1≤i,j≤n = B
(ε̟
1−e
K+
)σ1
. . .
(ε̟1−eK+ )
σn
 tBρ
so that the discriminant of the quadratic form Sε is
det (Sε(ui, uj))1≤i,j≤n = ±(detB)
2NK/F
(
ε̟1−eK+
)
.
Note that (detB)σ = ± detB for any σ ∈ Gal(K/F ). Since K/F is tamely
ramified, its discriminant is
D(K/F ) = (detB2) = pf(e−1)
where n = ef . Hence det (Sε(ui, uj))1≤i,j≤n ∈ O
×. So the O-group scheme
G = SO(Sε) and its Lie algebra g = so(Sε) is defined by
G(L) =
{
g ∈ SLL(OK⊗L)
∣∣∣∣ Sε(xg, yg) = Sε(x, y)for ∀x, y ∈ OK⊗OL
}
and by
g(L) =
{
X ∈ EndL(OK⊗L)
∣∣∣∣ Sε(xX, y) + Sε(x, yX) = 0for ∀x, y ∈ OK⊗OL
}
for all O-algebra L. Note that EndF (K) acts on K from the right side.
Take a β ∈ O×K such that OK = O[β] and β
ρ + β = 0. Identify β ∈ K with
the element x 7→ xβ of g(O) ⊂ EndO(OK). Then we have
Gβ(Or) =
{
ε ∈ (OK/p
er
K )
× | ε ∈ UK/K+
}
where e is the ramification index of K/F and
UK/K+ = {ε ∈ O
×
K | NK/K+(ε) = 1}.
We have also
Gβ(Or)∩Kl(Or) =
{
1 +̟lx ∈ (OK/p
er
K )
× | x ∈ OK , TK/K+(x) ≡ 0 (mod p
el′
K+)
}
and ψβ
(
1 +̟lx
)
= τ
(
̟−l
′
K/F (βx)
)
for x ∈ OK such that TK/K+(x) ≡ 0
(mod p
e+l
′
K+
). Then Theorem 2.3.1 gives
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Proposition 5.4.1 There exists a bijection θ 7→ Ind
G(Or)
G(Or,β)
σβ,θ of the set
θ : UK/K+ → (OK/p
er
K )
× → C× : group homomorphism
s.t. θ(γ) = τ(̟−l
′
TK/F (βx))
for ∀γ ∈ UK/K+ , γ ≡ 1 +̟
lx (mod perK ), x ∈ OK

onto Irr(G(Or) | ψβ).
Let us consider the case of n = 2m+1 being odd. Take a η ∈ O× and define
a F -quadratic form Sε,η on the F -vector space K × F by
Sε,η((x, s), (y, t)) = Sε(x, y) + η · st.
Then the O-group scheme G = SO(Sε,η) and its Lie algebra g = so(Sε,η) is
defined by
G(L) =
{
g ∈ SLL((OK ×O)⊗L)
∣∣∣∣ Sε,η(ug, vg) = Sε,η(u, v) for∀u, v ∈ (OK ×O)⊗OL
}
and
g(L) =
{
X ∈ EndL((OK ×O)⊗L)
∣∣∣∣ Sε,η(uX, v) + Sε,η(u, vX) = 0for ∀u, v ∈ (OK ×O)⊗OL
}
for all O-algebra L. An element X ∈ EndL((OK ×O)⊗OL) is denoted by
X =
[
A B
C D
]
with
{
A ∈ EndL(OK⊗OL), B ∈ HomL(OK⊗OL,L),
C ∈ HomL(L,OK⊗OL), D ∈ EndL(L) = L.
Put
β˜ =
[
β 0
0 0
]
∈ g(O) ⊂ EndO(OK ×O)
which corresponds to the element (x, s) 7→ (xβ, 0) of g(O). The characteristic
polynomial of β˜ ∈ EndO(OK × O) is χβ˜(t) = t · χβ(t). Since β ∈ O
×
K , the
reduction modulo p of χβ˜(t) ∈ O[t] is the minimal polynomial of β˜ (mod p) ∈
EndF(K × F). We have
Gβ(Or) =
{[
γ (mod perK ) 0
0 1
] ∣∣∣∣ γ ∈ UK/K+}
and ψβ(h) = τ
(
̟−l
′
TK/F (β0x)
)
for all
h =
[
1 +̟lx (mod prK) 0
0 1
]
∈ Kl(Or) ∩Gβ(Or).
Then Theorem 2.3.1 gives
Proposition 5.4.2 There exists a bijection θ 7→ Ind
G(Or)
G(Or,β)
σβ,θ of the set
θ : UK/K+ → (OK/p
er
K )
× → C× : group homomorphism
s.t. θ(γ) = τ(̟−l
′
TK/F (βx))
for ∀γ ∈ UK/K+ , γ ≡ 1 +̟
lx (mod perK ), x ∈ OK

onto Irr(G(Or) | ψβ).
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